In this study, the effect of reaction temperature and hydrogen amount, as the most effective process variables on the Ziegler-Natta catalysts yield during propylene polymerization, was investigated with the aid of a validated mathematical model. The approach applied in this modelling was the polymer moment balance technique (population balance approach) derived from the statistics expected value. The model was coded in MATLAB ® & Simulink ® , and then validated by experimental data coming from a laboratory-scale reactor. The main target of this study was to gain considerable insight into Ziegler-Natta catalyst performance against variables change. The model might be applicable for catalyst makers to evaluate and improve their catalysts, and could also be useful for process chemical engineers to easily operate the plant, replace new catalyst, optimise process conditions, generate new formulation for a new grade, and use maximum catalytic potential. Accordingly, the model could be applied in basic and applied research in this field.
Introduction
Polypropylene is one of the most widely used plastics in the portfolio of petrochemical products. Thanks to a low production cost, reduced environmental impact, and wide range of applications in human life, the demand for the polymer is on the rise daily. Today, high-activity supported Ziegler-Natta catalyst is considered as the main catalyst for its commercial production. The main advantage of using a high-activity catalyst is the reduction in operating costs due to the elimination of some useless operating units belonging to the old product technology concerning low-activity catalysts, 1 as shown in Fig. 1 .
Technology improvement depends on the nature, type, and performance of the used catalyst. In other words, so far, the used catalyst has been the driving force in modification and even abolishment of the old technology. Accordingly, it is necessary to gain a considerable insight into Ziegler-Natta catalyst performance. However, findings of this conception highly rely on the performance of the used catalyst during the polymerization, namely, knowing how to change the used catalyst yield during the polymerization by varying of the process variables in a quality and quantity manner. The most important process variables that have significant effect on the catalyst performance are the reaction temperature and hydrogen.
In the catalyst market, there is a wide variety of catalysts that, proposed to commercial plants, each has a unique performance in regard to the complexity of the catalyst kinetics. 2 Therefore, there is a need for a validated model capable of predicting the performance of the catalyst yield during polymerization.
The main aim of this study was to cover this existing gap with the aid of a validated mathematical model. The significance and outlined aim of this study is summarized as follows:
1. According to the Arrhenius theory, increase in temperature qualitatively increases the rate of polymerization, and should be investigated accurately whether its effect is unlimited. On the other hand, increased reaction rate is what quantitatively effects the catalyst yield during the polymerization, and at which temperature the catalyst is expected to perform the best.
2. As we concluded in the previous study, addition of a small amount of hydrogen to the polymerization system dramatically increases the percentage of activated sites from the dormant sites on the catalyst surface. 3 It should be investigated what effect this event has on the performance of the catalyst yield during the polymerization, and whether this effect is unlimited.
3. Due to the high price of the catalyst, it is necessary to use the maximum potential of the catalyst during the polymerization. 4 . The catalyst yield change as an indicator of the rate of polymerization should be under control and compatible with the existing possibilities of the heat removal system in the reactor. This issue is one of the vital criteria for replacing a new catalyst.
In view of the significance of these matters, few researchers have addressed the problems in a comprehensive manner.
Unfortunately, in spite of the long history of using Ziegler-Natta catalyst in polypropylene production, the polymerization system performance still remains a "black box" because the kinetics of polymerization with Ziegler-Natta catalysts are quite complex. 2, 4 Some experimental investigations have been carried out regarding the effect of hydrogen on the kinetics, 5-6 but their results have been ambiguous and even contradictory. Guastalla and Gianinni concluded that the initial rate and activity of the catalyst increases about 2.5 times when hydrogen exists in the polymerization reactor. 7 Spitz et al.
reported that low hydrogen concentrations in the reactor caused the enhancement of the rate profile, and that higher hydrogen levels lowered activity and increased deactivation of the used catalyst. 8 Rishina et al. confirmed the previous work, but they pointed out that the role of hydrogen is temporary. 9 In contrast, Soga and Siona concluded that propylene polymerization rate decreases with the increase in hydrogen partial pressure. 10 Kahrman et al. obtained different conclusions that hydrogen had not only an effect upon the polymerization rate for low hydrogen concentrations, but also the rate of polymerization decreases at high hydrogen concentration. 11 Al-haj Ali et al. proposed a generalized model for hydrogen response based on the dormant site theory in liquid propylene polymerization. However, his research work was only based on the experimental data without providing a mathematical model, which might be able to predict the polymerization rate profile and the vital indices of the final product properties. 12 Reginato et al. modelled an industrial-scale loop reactor by using a non-ideal continuous stirred tank model to explain the industrial process, and compared their simulation results with commercial plant data. 2 The research targets have been defined to predict the macroscopic of the process, dynamics of the plant, advanced control strategies, grade transitions, and average polymer properties. In their paper, despite offering formulas for some important final properties (such as number average molecular weight (M n ), weight average molecular weight (M w ), and polydispersity index (Đ)), they did not mention the model validation.
Lastly, in 2018, Varshouee et al. conducted an investigation using a validated kinetics model. They concluded that hydrogen as a transfer agent has a direct effect on the final properties in the form of average molecular weight decrease. On the other hand, hydrogen causes higher activated sites percent on the surface catalyst. 3, 13 The authors also found the best process conditions regarding the deactivation constant, 13, 14 average molecular weight and melt flow index of the used catalyst. 15 They then decided to develop their model in order to cover the aforementioned gaps by proposing a validated mathematical model. This paper is a result of their decision.
To achieve these aims, previously validated model has been developed to become suitable in viewpoint of macro model. The selected modelling technique is the polymer moment balance method (population balance approach) coded in MATLAB ® & Simulink ® for slurry polymerization.
In order to cover the defined targets completely, this paper has been divided into two parts. The first part deals with the research of the effect of reaction temperature on changing the used catalyst yield during polymerization in absence of hydrogen. The second part focuses on the evaluation of the effect of hydrogen content on varying the used catalyst yield during polymerization and at constant temperature. The implications of this study could be useful for the catalyst makers during evaluation, modification, and improvement of their catalysts that can be considered as a basic research, as well as for process engineers looking to replace new catalyst, increase plant efficiency, and reduce operating costs. Accordingly, this study could be considered in basic and applied research.
Experimental
The used material, specifications, and the experimental polymerization procedure have already been described in detail in our published work. 14 
Mathematical modelling formulas
Assumptions:
The following assumptions were considered in this study:
(1) Propylene polymerization reacts in the amorphous phase and its concentration during polypropylene polymerization is constant and equal to the thermodynamic equilibrium condition that obeys that from Sanchez and Lacombe equation (SLE). 16 (2) The resistance of mass and heat transfer, and the diffusion effect of the reactants are ignored.
(3) The reaction is carried out under isothermal and isobar conditions. (4) During the polymerization process, monomer concentration is constant.
Reactions:
Regarding the complexity of Ziegler-Natta catalyst kinetics in polypropylene polymerization, several reactions in the polymerization have been proposed in the open literature. 2, 17 The most comprehensive being those of Reginato et al., which were used in this study. 2, 14 The used ODE mass balance equations in this model were as follows: 2
where n(j) ⁄ mol V total ⁄ l for j = 1,2,....,NC
The variations of the components concentration during polymerization time used in this model were as follows:
On the other side, Q f , Q 0 , and Q R are feed volumetric flow rate, reactor-output volumetric flow rate, and volumetric recirculation flow rate, respectively. In the equation, V R and R j are defined as reactor volume, and j as component reaction rate.
The input and output terms, i.e., Q f and Q 0 , are eliminated because the model is carried out in a semi-batch reactor and the monomer concentration remains constant during polymerization.
The possible reactions with their rate equations in the polymerization reactor, which should be considered in this study, are listed in Table 1 , where k is the site number of the catalyst.
The moment equations, which derived from population balance as the approach of this study, are summarized in Table 2 . Pater et al. and some other researchers showed that the rate of polymerization at isothermal conditions could be described as a first-order process in monomer concentration and the deactivation of the catalyst as a first-order process in the number of active sites. The following equations were used: 5, 6, 12 (2)
where R p0 is the initial reaction rate, K d is the deactivation constant, E a,d is the activation energy for the lumped deactivation reaction, c is activated site of the catalyst during polymerization, t is the time, T is the temperature, and K P is the rate constant of the propagation reaction.
By plotting the natural logarithm of the reaction rate vs. polymerization time, a linear fit can be made where K d is the slope of the fit line, and R p0 is the intercept of the line.
Considering that the rate of polymerization has a dependency on temperature, by having R p0 at different temperatures and by using Arrhenius Eq. 2, the activation energy of any type of catalyst is easily predictable.
In this study, it is supposed that the catalyst has mono-site, and therefore, k is equal to one.
c cat , and P 0 are the concentration of hydrogen, co-catalyst (aluminium alkyl), electron donor, monomer, poison, site transfer, catalyst, and potential site in the polymerization, respectively. The component rate equations and moment equations that have been used in the model are listed in Table 2 .
The polymerization yield can be calculated by integrating the rate:
The amount of Y calc is exactly equal to the area under the profile curve.
In this polymerization, hydrogen as a transfer agent increases the rate of the polymerization and the percent of activated sites named as f H2 being on the surface of the used catalyst according to the dormant site theory. 3 By inserting f H2 into Eq. 1, the following equation is derived that could be able to predict the effect of hydrogen on the polymerization rate.
where f H2 represents the fraction of active sites in the system. In the absence of hydrogen x = 0, f H2 has the minimum amount. It means active sites of catalyst are at a minimum level in the polymerization system. Consequently, if We propose a new approach, i.e., iterative method algorithm, using consistency property of the ordinary differential equation (ODE). As we know, in numerical calculations, the ODEs have the consistency property, and by using this property, the iterative method should be able to solve
ODEs exactly by only one rational initial guess. This method is much easier and more reliable than conventional methods, i.e., using them directly from the open literature or estimating by trial and error. 2 By using this property, we outlined a novel algorithm for obtaining kinetic constants in this model, as shown in Fig. 2b .
To use the iterative method algorithm, only the initial guess of kinetic constants should be estimated by referring to the open literature. Afterwards, the kinetic constants are adjusted for the catalyst used by the algorithm.
In this study, the initial guess of kinetic constants was estimated and applied to the model from the open literature. 2, 17 Then, the constants were exactly adjusted and determined in accordance with the catalyst used in the set-up (experimental data) by the algorithm proposed in Fig. 2b .
Results and discussion
Firstly, in order to rely on the performance and results of the model proposed in this study, it is necessary to prove that the model is validated properly. In modelling, when the calculated amount of activation energy from the model is equal or very close to the amount from experimental works and in accordance with other researchers' results, it means that the model is validated properly. Therefore, that activation energy is an inherent property of the reaction, and it is also independent of any process variable. Accordingly, this subject could be considered as one of the important criteria that shows whether the model is properly validated. Two very important facts should be considered about the activation energy of Z. N. catalyst. Firstly, it is independent of the hydrogen concentration. 12 Secondly, this inherent property of the reaction belongs to the used catalyst type and thus can be expected to differ in its amount from one type to another. Table 3 reveals that the provided model in this study is validated properly. Table 4 represents the comparison of the model output and experimental results at different conditions or recipe of the polymerization, and shows that the model has been properly validated due to the model outputs being in accordance with the experimental results. The acceptable error of these comparisons could be considered as a second reason for being the validated model. The third reason is that the trends of the profile polymerization rate from the model and from the experimental works have remarkable conformity, as shown in Figs. 3(A) and 3(B) . 14 The main conclusion that can be attained from these arguments is that the model is properly validated. That means that the selected approach and the designed algorithms ( Fig. 2 ) in this study are appropriate; i.e., it is able to tune the kinetics parameters in a proper way. Therefore, the model's results can be worthy and reliable for achieving the aim of this study.
With relevance to the model that has been directly derived from kinetic equations and its validity has been proven; consequently, it is developed with the aforementioned objectives and is perfectly reliable.
Our previous model was able to calculate the ultimate catalyst yield and predict the profile rate of the polymerization, but it was not able to evaluate the aim of this study, i.e., the effect of process variables such as reaction temperature and hydrogen content on the catalyst yield during the polymerization.
As outlined in the introduction, in order to cover the defined targets, this paper has been divided into two parts. The aim of the first part was to study the effect of changing reaction temperature on the catalyst yield during the polymerization, and the aim of the second part was to evaluate the effect of hydrogen amounts on it as well. 
First part of the study
It is important to reiterate that the obtained conclusions belong to the previous works because this work was developed from the earlier model with the aim of covering the existing gaps in this study. Fig. 4(A) reveals that catalyst yield at 70 °C is at maximum in the absence of hydrogen. Temperature increase, according to Arrhenius equation, i.e., Eq. 3, causes the increase in deactivation constant (K d ), which is an undesirable event, because the age of the used catalyst would be reduced, i.e., K d for Runs 1, 2, and 3 as shown in col. (8) of Table 4 . At higher temperatures > 70 °C, K d is increased, and this increase decreases the yield of polymerization. In other words, increased reaction temperature > 70 °C not only has a useful effect, but also has a harmful effect on the used catalyst yield. Consequently, temperature increase for raising the catalyst yield is not unlimited. This event could be attributed to over reduction of the catalyst sites or alkylation reaction with the Lewis base. 20, 21 The developed model in this study is able to calculate and plot at any time during the polymerization. Fig. 4(B) illus-trates the cumulative catalyst yield during the polymerization time, i.e., two hours at different temperatures in the absence of hydrogen.
The figure shows that the performance of the developed model is in accordance with the experimental result in an acceptable margin of error. It can be concluded from the figure that, during the polymerization, the cumulative catalyst yield obeys that from the quadratic equation as its model. Fig. 4(B) implies that the temperature increase above 70 °C not only causes the catalyst yield increase, but also leads to the reduction of the useful life of the catalyst, which is an undesired event.
For the best reaction temperature in this study, i.e., Run 2 at the reaction temperature of 70 °C, 14 the variations of the cumulative catalyst yield during the polymerization time with its model are demonstrated in Fig. 5(A) . For the rest of the runs, the models are listed in Table 5 , column 7. These models could be useful for process engineers working in a commercial plant for tuning and optimisation of the residence time of the catalyst in a continuous reactor according to the desired purpose. The model shows that 0.7 h after the beginning of polymerization, 50 % of the used catalyst yield is formed and obtained. Increased reaction temperature causes the reduction in the time needed for obtaining 50 % of the catalyst yield, Fig. 5(B) .
The graphical image of 50 % of the catalyst yield represents the area underneath the polymerization profile rate relating to areas I and II that are indicators of the effective residence time of the used catalyst, as detailed in Fig. 6 . In basic research, it could be a suitable criterion for comparing the performance of different types of catalysts.
The polymerization time is listed in Table 5 . The catalyst yield and the percent of production related to each area of each run is shown in Fig. 6 .
Second part of the study
As mentioned earlier, the defined aim of this part was to evaluate the effect of hydrogen amounts on the catalyst yield during the polymerization. As already reported, hydrogen as a transfer agent in this polymerization increases the rate of polymerization and percent of the activated sites named as f H2 being on the surface of the used catalyst according to the dormant site theory. 3 This increase in the percent of activated sites does not mean that it causes a rise in the catalyst yield absolutely, because part of these activated sites react with hydrogen and are killed off. On the other hand, the yield of the defined catalyst is based on the polymer which is produced.
Therefore, f H2 is one of the key parameters in polymerization rate equation, i.e., Eq. 5, which should be considoptimum cond. ered in the study. In fact, what is important in this polymerization is the number of active sites that participate in the polymerization reaction. In absence of hydrogen, only 10.4 % of total potential sites on the surface of the catalyst (as defined by the term f H2 ) are activated during the polymerization according to the dormant site theory. However, in presence of hydrogen, namely f H2 , the percent of activated catalyst sites are dramatically increased, which can be seen from Fig. 7(A) , where x is the hydrogen molar ratio (x = CH/c m ) at the thermodynamic equilibrium condition that obeys the one from Sanchez and Lacombe equation (SLE) as its ruling equation of state (EOS) 16 and is calculated by Aspen software. The f H2 amounts for each of the runs in this study are listed in Table 5 , column 2. Fig. 7(B) shows that the catalyst yield at 70 °C in the presence of different amounts of hydrogen is at maximum at 18 mg of hydrogen. The reason for this behaviour could be explained according to the effect of hydrogen on K d of the catalyst, see Table 4 . The table implies that a hydrogen amount of < 18 mg increases f H2 amount, i.e., increases the percent of activated catalyst sites from the dormant sites. Then the existing activated catalyst sites react in the polymerization reaction. Accordingly, the catalyst yield is at maximum at 18 mg of hydrogen (see Fig. 7(A) and Table 4 ). The excess of 18 mg hydrogen reacts with freshly activated sites independently and leads to killing of the activated sites. Therefore, the number of activated sites for reacting with monomers are reduced, i.e., the reduction in the yield occurs according to Fig. 7(B) . This behaviour is affirmed by referring to Fig. 8(A) . The figure implies that an increase in hydrogen amount above 18 mg not only causes an increase in the catalyst yield, but also reduces the useful life of the catalyst. As a result, increase in the hydrogen amount in order to raise the catalyst yield is not unlimited and should be controlled exactly. This model is useful for adjustment of the optimum amount, particularly in a commercial reactor. Fig. 8(A) illustrates the cumulative catalyst yield during the polymerization time, i.e., two hours at the different hydrogen amounts and at 70 °C as the best temperature reaction. The figure shows that the performance of the developed model in presence of hydrogen is in accordance with experimental results, and concludes that the cumulative catalyst yield during the polymerization obeys that from the quadratic equation.
For the best operating condition in this study, i.e., Run 4 at 70 °C and 18 mg of hydrogen, 14 the variations of the cumulative catalyst yield during the polymerization time with its model are demonstrated in Fig. 8(B) . The model shows that 0.82 h after beginning of the polymerization, 50 % of the used catalyst yield is formed and after increase of the hydrogen amount > 18 mg at the constant temperature, the needed time for catching 50 % of the catalyst yield almost remains constant ( Fig. 9 ). However, the catalyst yield is reduced, as shown in Fig. 7(B) . The reason for this could be explained with the effect of the excess hydrogen amount of 18 mg on f H2 and deactivation constant (K d ) of the catalyst as can be seen in Fig. 7(A) and Table 4 , respectively. The graphical image of 50 % of the catalyst yield in the best operating conditions is shown in Fig. 10 .
Conclusion
In this study, the authors attempted to propose a validated kinetic model, which would be able to reply to the existing gap. Therefore, two algorithms were outlined; first for the main program, and second for tuning and adjusting the constants of the kinetics equation based on the used Ziegler-Natta catalysts. By using the polymer moment balance approach (population balance), the coded program of the model was implemented in MATLAB ® & Simulink ® software program. The model was validated by experimental data. The conclusions of this study are as follows: 1. This model was able to answer all research questions or the existing gaps appropriately. It means that the selected methodology (population balance approach) and proposed algorithms in this study were appropriate. 2. After investigation of the results, it can be concluded that temperature increase above 70 °C, not only causes increase in catalyst yield, but also reduces the useful life of the catalyst, which is an undesired event. 3. Hydrogen amount increase above 18 mg not only causes increase in catalyst yield, but reduces the useful life of the catalyst. 4. In this study, five model equations have been proposed at different conditions to estimate the used catalyst yield via the polymerization time (Table 5 ).
It is suggested that other researchers should review recent results at different conditions using different types of catalyst. 
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